Abstract: This paper introduces methods of pseudo-linear algebra to unify the algebraic formalism of one-forms and the related polynomial approach for both continuous and discrete-time nonlinear control systems. Given approach covers also differene, q-shift and q-difference operators whereby this algebraic formalism is not only unified but also extended to wide class of nonlinear control systems. Also the notion of transfer function of nonlinear control system is defined and some basic properties are shown. Transfer function definiton is based on skew polynomial ring which can be embedded into its quotient field.
INTRODUCTION
Many results concerning continuous-time nonlinear control systems carry over quite easily to the corresponding results for difference equations, while other results seem to be completely different in nature from their continuous-time counterparts. Usually, behind the similarities lies a mathematical abstraction that accommodates both cases. The goal of this paper is to introduce such an abstraction, called pseudo-linear algebra (Bronstein and Petkovšek, 1996; Abramov et al., 2005) , into the study of nonlinear control systems, both continuous-and discrete-time. So, the main theme of this paper is unification. Note 1 Supported by Slovak Grant Agency (VEGA 1/3089/06), Slovak Research and Development Agency and Estonian Science Foundation (Grant No. 5405) .
that besides the conventional shift operator description of the discrete-time control systems, this approach is also valid for discrete-time systems described via a difference operator that provides a smooth transition from sampled data algorithms to their continuous-time counterparts. We will concentrate on unifying the algebraic formalism of differential one-forms and the related polynomial approach and will demonstrate the applicability and power of the pseudo-linear algebra on the example of transfer function formalism. However, later the pseudo-linear algebra can be applied to study many different problems like system reduction and feedback linearization, accessibility and realization of the input-output model in the statespace form, to name a few possibilities. The algebraic approach of differential one-forms, originally developed for continuous-time systems (Conte et al., 1999) and later extended to discretetime case (Grizzle, 1993; Aranda-Bricaire et al., 1996; Kotta et al., 2001 ) demonstrates a lot of similarities. Slightly different point of view in the studies of nonlinear control systems is provided by the polynomial approach in which the system is described by two polynomials from the noncommutative ring of skew polynomials that act on input and output differentials (Zheng et al., 2001; Zhang and Zheng, 2004; Kotta, 2000; Kotta and Tõnso, 2004) . Once the fraction of two skew polynomials is defined, the transfer function can be introduced for nonlinear control systems (Zheng and Cao, 1995; Halás and Huba, 2006; Halás and Kotta, 2007) . Polynomial approach shows even greater similarity in continuous and discrete-time cases. Though the differential and shift operators have remarkably different properties and calculations with polynomials in differential and shift operators are based on different commutation rules, they both accommodate into pseudo-linear algebra as the special cases. The pseudo-linear algebra allows for a unification of the continuous-and discrete-time formulations of the results and helps avoid proving results twice, once in contionuoustime case and second, in the discrete-time setting. Besides unification, another theme of this paper is extension. Pseudo-linear algebra covers not just classical continuous and discrete-time cases, but also q-shift and q-difference operators, where the state at time t determines the state at time qt with q ∈ R. However, the introduced approach does not accommodate the q-differential operator.
ALGEBRAIC SETTING
In this section we construct an algebraic setting for dealing with properties of different nonlinear control systems.
Pseudo-linear algebra
Pseudo-linear algebra, also known as Ore algebra, is the study of common properties of linear ordinary differential, difference, q-difference and other types of operators. Such operators are expressed in terms of the so-called skew polynomials.
is called a pseudo-derivation (or a σ-derivation). Following three examples exhaust all the possible pseudo-derivations over a field K, see (Bronstein and Petkovšek, 1996 ) section 1.1: An algebraic setting for dealing and studying theoretic properties of nonlinear control systems is usually built up by introduing the notion of differential form. From that point of view it will be important to satisfy commutativity of differential operator d with a pseudo-derivation δ. This will be the scope of our interest in section 2.2, where we give a more detailed explanation. Here, it is sufficient to remark that for that purpose in the case of δ α = α(σ − 1 K ) parameter α is assumed to be a real number. Hence, for example q-differential case, where σ : t → qt and
where K is a field, σ is an automorphism of K and δ is a pseudo-derivation.
The σ-differential field will be the starting point for constructions used in charactering theoretic properties of different nonlinear control systems.
Any automorphism σ and pseudo-derivation δ induce a non-commutative skew polynomial ring.
Definition 3. The left skew polynomial ring given by σ and δ is the ring K[p; σ, δ] of polynomials in p over K with the usual addition, and the (non-commutative) multiplication given by the commutation rule
for any a ∈ K.
Elements of such a ring are called skew polynomials or non-commutative polynomials or Ore polynomials (Ore, 1931; Ore, 1933 See (Bronstein and Petkovšek, 1996; Abramov et al., 2005) .
Note that any field K is a vector space itself. Hence, we can consider pseudo-linear maps over K assuming that (3) holds for any a, u, v ∈ K. Obviously, any pseudo-derivation δ over K is a pseudo-linear map, simply by letting θ = δ. If δ = 0 then θ = σ and (3) is clearly satisfied or we can equivalently associate a difference operator
This represents two alternative ways of describing "shift" structures. Thus, pseudo-linear maps allow us to handle differential, shift and difference structures from a unique standpoint.
for any u ∈ V . For the sake of simplicity, the symbol * is often dropped. (Ore, 1931; Ore, 1933) by defining quotients as [p; σ, δ] and b = 0. Addition is defined by reducing two quotients to the same denominator
where β 2 b 1 = β 1 b 2 by Ore condition. Multiplication is defined by
where β 2 a 1 = α 1 b 2 again by Ore condition. The resulting quotient field of skew polynomials is denoted by K p; σ, δ .
Control systems
In this subsection we define a wide class of nonlinear control systems. For the sake of simplicity, for x(t) we write just x. In what follows, the symbol x 1 stands for a pseudo-linear operator:
. It can be a derivation, x 1 =ẋ, that corresponds to the continuous-time case (see also Tab. 1), a shift,
with α ∈ R, that correspond to two alternative discrete-time cases.
The nonlinear control systems considered in this paper are objects of the form
where the entries of f and g are meromorphic functions, which we think of as elements of the quotient field of the ring of analytic functions. In (6), x ∈ R n , u ∈ R m and y ∈ R p denote respectively the state, the input and the output of the system. Let K denote the field of meromorphic functions of variables {x, u k ; k ≥ 0}. We assume that system (6) is generically submersive, i.e.
Assumption (7) reduces to the well known condition in case of discrete-time nonlinear systems Kotta et al., 2001) and is trivially satisfied in case of continuous-time nonlinear systems x 1 =ẋ when σ(x) = x. Under (7), σ is an automorphism of K and there exists, up to an isomorphism, a unique difference field K * called the inversive closure of K (Cohn, 1965 ). Here we assume that the inversive closure is given and by abuse of notation we use the same symbol K for both. An explicit construction of the inversive closure follows the same line as in (Aranda-Bricaire et al., 1996) . Let δ be a pseudo-derivation defined on K. The field K can be endowed with a σ-differential structure, determined by system equations (6). In this case the triple (K, σ, δ) forms a σ-differential field. We define a pseudo-linear operator θ, acting on K, separately for derivation, shift and difference operators.
First, if σ = 1 K and δ = d/dt, a pseudo-linear operator θ = δ and
where
Second, if δ = 0, a pseudo-linear operator θ = σ and
where σx = f (x, u) and σu k = u k+1 .
Finally, if δ = α(σ − 1 K ) := ∆ with α ∈ R, then a pseudo-linear operator θ = ∆ and
Next, define the vector space E of one-forms spanned over K by differentials of elements of K, that is E = span K {dξ; ξ ∈ K}. Any element v ∈ E is a vector of the form v = s i=1 c i dξ i where all c i ∈ K. We say that v ∈ E is exact if v = dϕ for some ϕ ∈ K.
The vector space E can also be endowed with the σ-differential structure determined by system equations (6). However, this time there is no need to define actions separately. Each pseudo-linear operator θ : K → K induces pseudo-linear operator θ : E → E as follows
The operator θ commutes with operator d, θ(dϕ) = d(θ(ϕ)), and reduces to the well-known rules δv = − ϕ) ).
We briefly demonstrate some basic computations in (K, σ, δ) and E by the following example.
Example 2. Consider the nonlinear q-difference system with q = 2.
The corresponding σ-differential field is (K, σ, ∆) where σ takes t to 2t and ∆ = σ − 1 K , the pseudolinear operator being θ = ∆. (K, σ, ∆) has σ-differential structure given by the system equations. If for instance ϕ = x 2 , then
2 − x 2 . Also E has σ-differential structure given by the system equations. If for instance v = 2udx, then v
1 dx which yields the same result.
POLYNOMIAL APPROACH
In the polynomial approach nonlinear system is described by skew polynomials that act as differential or shift operators on input and output differentials (Zheng et al., 2001; Zhang and Zheng, 2004; Kotta, 2000; Kotta and Tõnso, 2004) . In this section we will unify the polynomial formalism, replacing the differential or shift operators in polynomials by a more general pseudo-linear operator that accommodates both cases and many more.
Let K denote now the field of meromorphic functions of {y, . . . , y n−1 , u k , k ≥ 0}. Consider a nonlinear single-input single-output control system described by the input-output equation
where u ∈ R and y ∈ R denote the input and the output of the system and ϕ ∈ K. The submersivity assumption can be now stated as ∂σ n (y)/∂(y, u) ≡ 0. The nonlinear system (12) can be represented in terms of skew polynomials in the ring K [p; σ, δ] .
This allows us to describe nonlinear system (12) by polynomials a(p), b(p) over the σ-differential field K.
Transfer functions of nonlinear systems
Once we have defined a fraction of two skew polynomials we can introduce transfer functions of nonlinear systems. The reader is referred to (Halás and Huba, 2006) and (Halás and Kotta, 2007) for special cases of continuous and discretetime nonlinear systems that provide more detailed discussion.
Definition 5. An element F (p) ∈ K p; σ, δ such that dy = F (p)du is said to be a transfer function of the single-input single-output nonlinear system (6) (respectively (12)).
Like in case of input-output equation (12), where
a(p) , also state-space representation (6) can be expressed in terms of skew polynomials. After differentiating ( 
Inverting matrix (pI − A) is far from being trivial, as its entries are skew polynomials, and requires solving linear equations in non-commutative fields, see (Ore, 1931) . To find the left-hand inverse of (pI − A), one can use Gauss-Jordan elimination considering the definitions of addition (4) and non-commutative multiplication (5).
Example 3. Consider the nonlinear system
The corresponding σ-differential field is (K, σ, 0) where σ takes t to 2t and θ = σ. The input-output equation can be computed as y 2 = u 2 . After differentiating the latter equation
or equivalently
transfer function can be found as
p 2 Or, it can be computed from the state-space representation. Note that
and the transfer function
Though one can always associate to a proper rational function
If the input-output differential form is integrable, or can be made integrable by multiplying an integrating factor, then there exists an inputoutput equation of the form (12) such that the transfer function of this input-output equation is F (p). In other words, every control system can be expressed as a quotient of skew polynomials, but not every quotient of skew polynomials necessarily represents a control system. Transfer functions of nonlinear systems satisfy many of the properties we expect from the transfer functions.
Proposition 2. Transfer function (13) of nonlinear system (6) is invariant with respect to the state transformation ξ = φ(x).
Proof. For any state transformation ξ = φ(x) one has generically rank K T = n, where T = (∂φ/∂x). Since dξ = T dx, in the new coordinates we have
where σ and δ are applied pointwise to T . Thus, the transfer function reads as
Note that the expression σ(T )AT −1 + δ(T )T −1 is, in fact, the change of basis formula of the pseudolinear map (3). For more details, see (Bronstein and Petkovšek, 1996) 
For parallel connection and feedback connection with system B in feedback goes similarly
Note that (14) and (15) have to be kept exactly as they are, due to the non-commutative multiplication.
CONCLUSIONS
In this paper, the unification and extension of the algebraic formalism of one-forms and the related polynomial approach was introduced for a wide class of nonlinear control systems. In the unification and extension pseudo-linear algebra played a key role. Though differential, shift, difference, qshift and q-difference operators have remarkably different properties, they all accommodate into this mathematical abstraction as the special cases. However, note that our approach does not accommodate q-differential operator. The pseudo-linear algebra can be applied to study many different control problems like system reduction, feedback linearization, accessibility, realization and others. We also defined the notion of transfer function of nonlinear control system. The results are, in principle, similar to the linear theory, except that transfer function defines the relationship between the differentials of inputs and outputs and the used polynomials belong to a non-commutative polynomial ring which makes transfer function more difficult to handle. Nevertheless, we do hope that the transfer function formalism of nonlinear control systems opens a new alternative algebraic framework for control systems analysis and feedback design.
